In this paper we introduce the logistic effect into the two-sex population model introduced by Hoppensteadt. We address the problem of existence and uniqueness of continuous and classical solutions. We first give sufficient conditions for a unique continuous solution to exist locally and also globally. Next, the existence of classical solutions is established under some mild assumptions on the vital rates. Finally, we study the existence of equilibria and give an upper bound for the total population at steady state.
INTRODUCTION
People have always had an interest in knowing and forecasting the size of various populations, such as animals, insects, and human ourselves. Long ago attempts were made to do this by applying various mathematical models. These can be traced back to the famous Fibonacci sequence, described centuries ago to approximate the sizes of consecutive generations of a rabbit population. Recently, the advances in modeling sexually transmitted diseases, AIDS in particular, have renewed the interest in pair formation models in populations. Considerable attention is devoted to two-sex models with age structure. Age structure is a very important element of the pair formation process because, generally, individuals at different ages are not equally eligible to form couples. An age-dependent two-sex model was first introduced in the early 70's (Frederickson (1971) and Hoppensteadt (1975) ). Some work was done in the direction of numerical solutions and simulation (Arbogast and Milner (1989) , Milner and Rabbiolo (1992) ). The results of the simulations show that the models can be successfully applied for projecting human populations. At the same time, theoretical analysis performed on these models is mostly restricted to special cases (Hadeler (1988) , Hadeler at al.(1989) ). Progress in this aspect was made by Inaba (1992) , Prüss and Schappacher (1994) , Martcheva and Milner (1999) . Inaba considers a two-sex model for human reproduction by first marriage (newborns are produced only in first marriage couples) and establishes the wellposedness of the model and existence of persistent solutions. Prüss and Schappacher study the problem of the existence of persistent solutions of an age-dependent model assuming a specific marriage function. Martcheva and Milner establish the well-posedness of Fredrickson-Hoppensteadt model without assuming any special form of the marriage function.
Meanwhile, it is also found by Martcheva (1999) that the population usually grows exponentially under the Fredrickson-Hoppensteadt model, just as under many other models, which is not realistic. Due to limitations in the environment or resources, no population can keep growing unboundedly. There is a so-called logistic effect appearing when the population is large enough, which slows down the growth of the population, and finally stabilizes the population at a certain level. Pierre-François Verhulst (1838) first introduced such a logistic effect into a basic one-sex model that is widely accepted for modeling the dynamics of various species. Following this idea, Gurtin and MacCamy (1974) incorporated the logistic effect together with age-structure in their one-sex model. It is known that this model exhibits a backward bifurcation and multiple subthreshold and superthreshold equilibria (Iannelli (1995) , Iannelli, Martcheva and Milner (2005) ).
In the present paper we incorporate the logistic effect to the age structured Fredrickson-Hoppensteadt model-which consists of a system of three semi-linear PDEs with non-local boundary conditions-by introducing a density dependence in the birth and death rates for the population.
This paper is organized as follows: In the next section we formulate the logistic, two-sex, age-structured model. In section 3 we study the existence and uniqueness of a continuous solution. In section 4 we discuss the existence of a classical solution. In section 5 we investigate the long term behavior of the model based on the existence of an equilibrium, as well as some properties of the equilibrium, such as its stability and the size of the total population.
STATEMENT OF THE PROBLEM
We consider a two-sex population and let u f (x, t) be the age-density of the females who are of age x at time t. Similarly u m (y, t) is defined to be the age-density of males of age y at time t and c(x, y, t) is the density of couples with female of age x and male of age y. The dynamics of the populations of females, males, and couples are described, respectively, by the following initial-boundary value problem: for x, y ∈ (0, ω) and 0 < t,
where ω is the maximum age for the population. β f (x, y, t; P ), β m (x, y, t; P ) are here the age-specific birth rates of such couples for female and male progeny respec-tively, and µ f (x, t; P ), µ m (y, t; P ) are the age-specific death rates for females and males, respectively. σ(x, y, t; P ) is the "death" rate for couples, due to the death of one of the spouses or divorce, and is actually given by σ(x, y, t; P ) = µ f (x, t; P ) + µ m (y, t; P ) + δ(x, y, t),
where µ f and µ m are defined above and δ(x, y, t) is the divorce rate for couples with female of age x and male of age y. Moreover, we assume birth and death rates depend on the total population P (t) at time t given by
The source term for couples, M(x, y, t; s f , s m ), depends on the density of single females s f (x, t) and single males s m (y, t), which are defined as follows:
It accounts for the formation of new couples and it is called by demographers the marriage function. The form of the marriage function has been discussed in length in the literature but to date no satisfactory choice that is better than any other in modeling real-life dynamics has been found. Even though there are different functions preferred by different researchers, there is agreement on some required properties of the marriage function, including
The marriage function we shall use in our model will be assumed to satisfy all five of these common properties, with an explicit form being specified only when necessary.
EXISTENCE AND UNIQUENESS OF A CONTINUOUS SOLUTION

An integral formulation of the model
We begin by integrating the system (1)-(3) along the characteristics to obtain the following integral formulation:
c(x, y, t) =
where π g (x, t; z, P ) for g = f, m and π c (x, y, t; z, P ) are survival probabilities defined as
Since the solutions to the system (1)- (3) satisfy (5)- (7) and viceversa, we would like to show that the system (5)- (7) has a continuous solution. However, we notice that the expressions of (5)- (7) do not seem to guarantee the positivity of the densities of single females, s f , and single male, s m . This poses a technical difficulty in the proof that we overcome by transforming (5)- (7) into the following equivalent problem:
We will study next the system (8)- (10) to prove the existence and uniqueness of a continuous solution of (1)- (3), and of a classical solution afterwards.
The continuous solution
First we make the following technical assumptions on the parameters of the model:
(H1) The female and male birth rates β f (x, y, t; P ) and β m (x, y, t; P ) are nonnegative and continuous on
Therefore they are bounded on Ω 3 . We denote, for g = f, m:
(H2) The female and male mortality rates, µ f (x, t; P ) and µ m (y, t; P ), and the dissolution rate σ(x, y, t; P ) for the couples are nonnegative and continuous on the sets
and Ω 3 , respectively. Moreover, to guarantee that the probability of survival of a female or male individual to the maximal age is zero, we assume 
(H4) The initial densities for females, males and couples u 0 f (x), u 0 m (y) and c 0 (x, y) are nonnegative, continuous and satisfy
Hence both s 0 f (x) and s 0 m (y) are continuous and nonnegative. (H5) The initial and boundary conditions are compatible in the following sense: 3 and uniformly Lipschitz continuous in f and m, i.e. there exists L > 0 such that
Since assuring the positivity of s f (x, t) and s m (y, t) was the reason for the introduction of the system (8)- (10)-involving more complicated expressions than (5)- (7), we establish next that this system indeed guarantees the positivity of s f (x, t) and s m (y, t). Proposition 3.1 For u f (x, t), u m (y, t) and c(x, y, t) solutions of the system (8)- (10), s f (x, t) and s m (y, t) given by (10) are continuous and nonnegative.
Proof The continuity of s f (x, t) and s m (y, t) follows from the continuity of u f (x, t), u m (y, t) and c(x, y, t). The non-negativity of s f (x, t) for x ≥ t follows easily from π c (x, y, t; z, P ) ≤ π f (x, t; z, P ), and similar arguments can be used for the case x < t and for s m (y, t).
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To prove that system (8)- (10) has a unique solution, we iteratively define a sequence of functions u
and then iterating in the following order:
We now establish that this iteration process preserves compatibility between initial and boundary conditions, and the continuity and non-negativity of all iterates. Proposition 3.2 The iterative process (11)-(14) defines a sequence of functions that satisfy
Proposition 3.3 All functions defined by the iterative process (11)-(14) are continuous and nonnegative.
Proof The theorem obviously holds for P (n) (t), u
f (x, t) with x ≥ t is similar to that of Proposition 3.1. Then one proceeds analogously for the case x < t and for s (n+1) m (y, t).
Next we establish the exponential boundedness of all iterates.
Lemma 3.4 For any fixed T > 0 and 0 ≤ t ≤ T , all iterates from (11)- (14) for the total population P (n) (t) are exponentially bounded with respect to t in the following sense:
m (y, t) and c (n) (x, y, t) are also exponentially bounded with respect to t, in the same sense as P (n) .
All bounds in the previous lemma are not standard exponentials. It is important to notice that all of them are in terms of strictly increasing functions of t with the property that, as t goes to zero, all of them converge to finite numbers in a strictly decreasing way.
We can establish now the local existence of a unique solution in the case of birth rates of small variation with respect to total population. Proof Note that u f (x, t), u m (y, t) ∈ C(Ω 2 ) and c(x, y, t) ∈ C(Ω 3 ). Let nowΩ = Ω 2 × Ω 2 × Ω 3 and note that (u f , u m , c) ∈ C(Ω). Next, for (u, v, w) ∈ C(Ω), define the norm
It is easy to see that (11)-(14) define a mapping F :Ω −→Ω given by u
. One can show that, for T sufficiently small, there exists δ ∈ (0, 1) such that
Therefore, F is contractive and the Banach contraction mapping theorem implies the existence of a unique solution of the system (8)-(10) for small T , as needed. 2 Theorem 3.6 Let P (t), B f (t), B m (t), u f (x, t), u m (y, t) and c(x, y, t) be solution of (8)- (10) We can establish now that, when the fertility rates are independent of population size, the local solution is actually global. (10), then the first two have directional derivatives in the direction of the vector (1, 1) and the last one has its directional derivative in the direction of (1, 1, 1) that satisfy the differential system (1)-(3). More precisely,
Next we establish that the age densities of sinlges of each gender have the same property.
Proposition 4.2 s f (x, t) and s m (y, t) also have directional derivatives in the direction of the vector (1, 1).
Since u f (x, t) and u m (y, t) have directional derivatives in the direction of the vector (1, 1), it follows that if they have one continuous partial derivative, the other one also exists and is continuous. Denoting the partial derivatives with respect to t, x and y by D t , D x and D y , respectively, we may summarize the above fact in the following proposition. Proposition 4.3 Suppose that u f (x, t) and u m (y, t) are the first two components of the solution of the system (8)- (10) . If D t u f (x, t) and D t u m (y, t) exist and are continuous, then D x u f (x, t) and D y u m (y, t) also exist and are continuous.
As to the differentiability of c(x, y, t), the existence and continuity of time derivative does not automatically imply the existence and continuity of the other two partial derivatives. However, it does imply that ω 0 c(x, y, t)dx and ω 0 c(x, y, t)dy have continuous derivatives, which indicates that s f (x, t) and s m (y, t) have continuous derivatives. Therefore, given that the marriage function is continuously differentiable, we see that c(x, y, t) is continuously differentiable with respect to x and y according to the expression for c(x, y, t) in (10) .
So, in order to establish the continuous differentiability of the solutions, it is sufficient to show the existence of a continuous time derivative. To do this, we need the differentiability of the fertility and mortality rates with respect to t. Since all these rates have the population effect involved, first we need the following lemma about the differentiability of total population P (t) to ensure that the assumption on the differentiability of all rates with respect to time t is mathematically reasonable.
Lemma 4.4 The total population P (t) is continuously differentiable on the interval [0, T ].
Let us make now the following regularity assumptions on the coefficients and initial conditions of the model.
(H7) The initial densities of females and males, u 0 f (x) and u 0 m (y) are continuously differentiable on the age interval [0, ω]. The initial density for couples, c 0 (x, y), is continuously differentiable on the age domain [0, ω] 2 . In addition, we assume
(H8) The partial derivatives with respect to time of the birth rates for females and males as well as , D t β f (x, y, t; P (t)) and D t β m (x, y, t; P (t)), as well as the separation rate for couples, σ(x, y, t; P (t)), exist and are continuous on the set Ω 3 .
Similarly, the partial derivatives with respect to time of the mortality rates for female and male, D t µ f (x, t; P (t)) and D t µ m (y, t; P (t)), exist and are continuous on the set Ω 2 .
Furthermore, we assume that D Finally, we assume the boundedness of time derivatives of the corresponding survival probabilities, namely,
are bounded on Ω 2 and Ω 3 , as appropriate.
(H9) The function F(x, y, t, f, m) that defines the marriage function in (H6) is differentiable with respect to the variables t, f, m, and there exists L > 0 such that
(H10) The initial age densities for each gender satisfy the following first order compatibility condition, which is are the necessary compatibility conditions for the derivatives:
In order to prove the regularity of the solutions, we can use the approximating sequence u
m (y, t) and c (n) (x, y, t) that we have defined earlier. Since we start with u
m (y, t) and c (0) (x, y, t), which are obviously continuously differentiable, we find that the iterates are continuously differentiable with respect to t. Furthermore, when performing differentiation with respect to time t, we see that the expressions are continuous across the lines x = t and y = t, respectively, as a result of the consistency conditions (H5) and (H10). Hypotheses (H1)-(H4) and (H7)-(H8) then guarantee that these functions are continuous on each side of the half-planes x > t and x < t (respectively, y > t and y < t). (H1)-(H10) also imply the continuity of D t c (n) in R 3 + .
Lemma 4.5 The sequence of partial derivatives is uniformly bounded, i.e., there exists a constant C independent of n such that for n ≥ 0,
Next, the uniform convergence of the sequence of derivatives follows. 
m (y, t) and D t c (n) (x, y, t) are actually uniformly convergent on the interval [0, T ] for any T .
LONG TERM BEHAVIOR OF THE SOLUTION
Since we are interested in the long term behavior of the total population, we consider the system (1)- (3) in the autonomous case. That is, in this section, we assume that there is no dependence of the demographic rates and of the marriage function on the time variable t. Moreover, since we only have global existence of the solution when there is no population effect in the birth rate, we only study the long-term behavior of solutions in that case.
Then, the steady states of the system (1)-(3) are solutions of the following system:
where
It follows immediately that
This system obviously has the trivial solution P = 0. We are more interested in determining whether this system possesses non-trivial solutions.
The existence of non-trivial steady states
Before we analyze further on this problem, we make the following additional assumptions.
(H11) The ratio between birth rates of males and females is fixed. In other words,
where γ ∈ (0, 1) is the proportion of males among the newborn. (H12) The age effect and the population effect are separable in the female and male mortality rates. More precisely, for g = m, f ,
where ν g (P ) > 0 and ν g (P ) → ∞ as P → ∞, ν g (P ) → 0 as P → 0.
(H13) The derivatives of the survival probabilities with respect to age are bounded, i.e. for g = f, m,
where π + is an appropriate positive constant. Note that, under assumption (H11), the steady state system can be rewritten as
Also, according to assumption (H12), we have for g = m, f ,
Therefore, (18)-(19) become
Now we construct a mapping (s f , s m , P ) → (ŝ f ,ŝ m ,P ) as follows:
where the kernels K and H are given as 
Proof We follow closely the ideas of [9] . We focus on (21) since (22) can be handled in the same way. Let us define z(x) =ŝ f (x) L(P ) (1−γ)P π 0 f (x) e νf (P )x . Then (21) can be rewritten as a Volterra integral equation of the second kind,
Note that the properties of the marriage function yield
It follows from the general theory of Volterra integral equations that there is a unique solution z(x) that is continuous and bounded on [0, ω). This giveŝ
as the unique solution to (21), continuous on [0, ω] if we defineŝ f (ω) = 0. To obtain the bounds forŝ f (x), we observe that K 0 (x, τ ; s f , s m ) is differentiable with respect to x in the region 0 ≤ τ ≤ x < ω. In fact, we have
where we used the fact that π 0 m,δ (x, ω; z) = 0. Therefore, thanks to assumption (H3) and properties of the marriage function, ∂ ∂x K 0 (x, τ ; s f , s m ) is non-positive and bounded. So we see that z(x) is differentiable in [0, ω) and, from (24),
which implies that
Hence, from the continuity of z(x) we see that z(x) ≥ 0. Furthermore, from (24) we also see z(x) ≤ 1 and, using (25) in (27), it follows that z(x) ≥ e x . Hence, e −x ≤ z(x) ≤ 1 and
2 The theorem we just proved actually establishes that the closed convex set
is invariant under the mapping defined through (21)-(23). We will be able to apply Shauder's fixed point theorem to this map after proving the following result. We shall omit the proof here and just point out that it follows in a straightforward manner using approximating sequences.
In view of the two preceding results, Shauder's fixed point theorem gives the existence of a fixed point for the mapping defined by (21)-(23), which we shall denote by (s * f , s * m , P * ). To verify that this fixed point is actually the solution to the original problem (18)-(20), we need to make sure that P * is an interior point of the interval [
and let
Using arguments similar to those in [9] we can prove the following:
then (18)- (20) has at least one solution for M sufficiently large.
The previous theorem confirms that the system (15)-(17) has at least one solution, which is also assured to be positive. We study next its local asymptotic stability.
The stability of the equilibrium
We introduce two more assumptions about the model parameters.
(H14) The basic function F(x, y, f, m) defining the marriage function of the first kind in (H6)is differentiable with respect to the variables f and m at any point different from f = m = 0.
(H15) The population effect in the mortality rates is linear, i.e.
µ f (x; P ) = µ 0 f (x) + k f P, µ m (y; P ) = µ 0 m (y) + k m P, where k g > 0 are constants for g = f, m. Under (H14) and (H15), we can easily see that the differential equations in (1)-(3) can be rewritten as 
∂c ∂t + ∂c ∂x + ∂c ∂y = −(σ 0 (x, y) + k f P (t) + k m P (t))c(x, y, t) + M(x, y; s f , s m ), (31) and the differential equations in (15)-(17) can be rewritten in a similar way. Now consider a solution u f (x, t), u m (y, t), c(x, y, t) to the dynamical system (1)- (3) and a steady state solution u * f (x), u * m (y), c(x, y) * . We shall use linearization around the equilibrium to study its stability. Let us introduce the following deviations
f (x), δ m (y, t) = u m (y, t) − u * m (y), δ c (x, y, t) = c(x, y, t) − c * (x, y), δ P (t) = P (t) − P * , δ s f (x, t) = s f (x, t) − s * f (x) = δ f (x, t) − If we can determine the eigenvalues, we can apply the following standard stability criteria. We can also establish an upper bound of the total population at the steady state, i.e. the carrying capacity.
We have described a demographic model that is age and sex-structured and supports logistic behavior. In these respects it is a very useful and realistic model for human populations.
We established the well posedness of the model in the case when the populationdependence of the fertility rates is weak. The general problem of well posedness when that dependence may be stronger remains open.
We established the existence of a trivial (extinction) equilibrium and, under suitable additional hypotheses, that of at least one non-trivial equilibrium. Through linearization we established its asymptotic stability when all roots an associated eigenvalue problem have negative real part.
The problem of determining the net reproductive number of the population and establishing its threshold property of separating extinction from persistence remains open too.
We were able to establish an upper bound for the population in the case of linear birth rates (independent of population size), but we were unable to compute the carrying capacity exactly.
